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Partitioning transaction vectors into pure investments.

James Rutherford Cuthbert  

Abstract.
A pure investment is defined here as any transaction where the invested capital is non-negative at all times during the life of the transaction. This paper proves that any transaction whose first non-zero term is negative can be uniquely partitioned into pure investments with strictly decreasing internal rates of return, (IRR). The IRRs of the partitioning transactions put bounds on the IRRs of the original transaction. The partitioning theorem gives a simple characterisation of Arrow/Levhari’s results on the optimal truncation of a transaction. The partitioning theorem also has applications to the problem of the optimal time for an investor to sell the remaining terms in a transaction.
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1. Introduction
The internal-rate-of-return (IRR) notion has been the focus of a good deal of past research. Necessary and sufficient conditions for the existence and/or uniqueness of a project IRR have been established in the literature since 1950s. Particularly significant in this respect is the contribution of Soper (1959), who showed that, if a project has an IRR and the IRR-implied invested capital is positive at all times during the life of the transaction, then the IRR is unique. Projects of this type, (denoted here as pure investments), are particularly important because their IRRs have an unambiguous financial nature: the unique associated IRR is an investment rate. Unlike pure investments, projects having interim capitals alternating in sign have an ambiguous financial nature: they are mixed projects, that is, investments in some periods and financing in some other periods (see Teichroew, Robichek and Montalbano 1965 a,b). A criterion for determining the overall nature of a mixed project has been advanced by Hazen (2003) on the basis of the sign of the project’s IRR-implied discounted capitals. However, this sign depends on the cost of capital, so a change in the cost of capital might change an investment into a financing or vice versa. Pure investment projects are particularly significant in real-life contexts: they have a strong intuitive interpretation for executives and professionals, and their investment nature does not depend on the cost of capital.

While pure investment projects are of interest in their own right, what this paper proves is that, in a fundamental sense, they are the basic building blocks out of which any general transaction vector can be built up. In other words, any project can be viewed as a portfolio of pure investments, each with a unique IRR having the unambiguous meaning of an investment rate. More precisely, if the operation of partitioning a project or transaction is defined as splitting it up into consecutive, non-overlapping sub sequences, then the core result of this paper is the following partitioning theorem: namely any project, (whose first non-zero term is negative), can be uniquely partitioned into a sequence of pure investments with strictly decreasing IRRs.

One implication of the partitioning theorem is that it puts bounds on the possible values of the IRRs of the original transaction. In the case where there are multiple IRRs in the original project under consideration, all of the IRRs must lie strictly between the IRRs of the first term in the partition, and the last term in the partition. (In the case where there is only one term in the unique partition, that is, when the original transaction is itself a pure investment, then the IRR of the original transaction is of course equal to the IRR of the first term in the unique partition.)
The unique partitioning theorem is related to earlier work by Soper, (1959), and Gronchi, (1986), on how to truncate a transaction in order to maximise the IRR of the truncated transaction: the Soper/Gronchi truncation occurs at the end of the first term in the unique partition. The unique partitioning theorem also throws light on work, by Arrow and Levhari, (1969), Hicks, (1973), and Sen (1975), on the truncation of a transaction. (See also Promislow and Spring, 1996, Theorem 5.1, for a more recent contribution). Arrow and Levhari, (working mainly in the continuous case), and Hicks, (in the discrete case), considered how, for a given discount rate, a transaction should be truncated to maximise the net present value, (NPV), of the truncated transaction. The Arrow–Levhari/Hicks truncation has a simple explanations in terms of the partition theorem. The Arrow – Levhari/Hicks truncation occurs at the end of the last term in the unique partition whose IRR is greater than the chosen discount rate. 
Another application of the partition theorem is to the problem of when an investor should sell the remaining terms in a transaction: the partition theorem enables a quite powerful result to be proved on the optimal time for an investor to make such a sale.

The structure of this paper is as follows:- Section 2 establishes necessary preliminaries. Section 3 establishes properties of pure investments. Section 4 proves the fundamental partitioning theorem. Section 5 gives a practical method of determining the unique partition. Section 6 gives some properties of the unique partition. Section 7 shows how earlier work on the truncation of a transaction has simple explanations in terms of the partitioning theorem. Section 8 discusses the problem of when an investor should optimally sell the remaining terms in a transaction. Section 9 gives brief conclusions.

2. Preliminaries.

Let the vector a = (
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) represent a transaction vector: that is, a stream of payments, where negative terms represent investments of capital, and positive terms represent repayments. In this paper, it is assumed that the first non-zero term in the transaction vector a is negative: that is, that the transaction starts with an investment. (This involves no real loss of generality, since the vector –a can be considered instead if the assumption is not met.) 
The net present value, (NPV), of the payment stream a, calculated at discount rate u, (u>-1), and with year 0 reference date, is defined, as in the standard definition, as
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An IRR 
[image: image3.wmf]s

 of a, where a is a payment stream, is defined as any discount rate 
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Knowing an IRR of a is therefore equivalent to knowing that the NPV of a, calculated at the discount rate equal to the IRR, is in fact zero. In general, transaction vectors may have multiple IRRs, or no IRRs.
Where a is a transaction vector, and 
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is an IRR of a, then the invested capital, 
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, at the start of period k is defined as the negative of the accumulated value at time k-1 of the payments up to time k-1: that is,



[image: image8.wmf]0

  

 

d

0

=





[image: image9.wmf]1

-

j

-

k

1

-

k

0

j

j

k

)

1

(

a

-

 

 

d

s

+

=

å

=

 , k = 1,… n.
This definition implies the following recursive relationship:
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It can readily be shown that 
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In this paper, the convention has been adopted of defining the invested capital,
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, as being at the start of period k, rather than the more normal convention of the end of period k: the convention adopted in this paper has been used, because it means that the important formula at (3) below takes on a particularly simple form. 
A transaction vector, a, with multiple IRRs, will therefore have multiple invested capital vectors, one for each IRR.   In practice in what follows, this potential ambiguity will not give rise to problems, since calculations of invested capital will mainly be carried out for a specific sub-class of transactions, for which each transaction has a unique IRR.
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Putting j = 0 and k = n in equation (3) gives the following important and well known relationship between the NPVs of a, and of the invested capital vector, d, namely
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The standard formula for NPV as given in equation (1) is only defined for discount rates greater than -1. Since the IRR of a project or transaction is defined as any discount rate for which the NPV equals zero, it therefore follows that, under the standard definition, it is not possible to have a transaction with IRR= -1.

However, it makes sense for certain purposes to adopt the convention that, if a vector consists only of terms which are negative or zero, (with at least one term strictly negative), then this corresponds to a transaction with IRR = -1. 

If this convention is adopted, then the invested capital vector of such a transaction, a say, calculated using equation (2), is given by
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So, under this convention, 
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 for all j: the only difference from a standard pure investment transaction is that 
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 = NPV(a, u) ;

in other words, a version of the standard relationship at equation (4) also holds in this case.

It therefore seems entirely reasonable to adopt the convention that, if a vector consists only of terms which are negative or zero, (with at least one term strictly negative), then this corresponds to a transaction with IRR = -1: and that the transaction is also a pure investment. 

So far, in this preliminary section, what has been introduced has been standard theory. What is now introduced is a concept and notation which is specific to this paper: this is the concept of the partition of a vector, (which is just the process of splitting it up into consecutive, non-overlapping sub sequences), defined as follows:- 
if a is a vector then, for any k, the vectors (
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) represent a partitioning of a. 

So, for example, (3,5,4) can be partitioned as (3,5) and (4).

This is denoted as the short form notation for a partition. Sometimes it will be convenient to retain the position of the partitioning vectors in the original n+1 length vector: so I will work with (3,5,0) and (0,0,4): I will call this the long form notation. One advantage of the long form notation is that it is additive: (3,5,4) = (3,5,0) + (0,0,4).

In this paper, the short form notation will usually be used: whenever the long form is used, this will be indicated.   (Here the vector a has been partitioned into two sub-vectors: of course, a vector can equally well be partitioned into more than two sub-vectors.)
3. Some Properties of pure investment transactions.
Let a be a project or transaction vector, with IRR 
[image: image31.wmf]s

, and let d be the corresponding vector of invested capital. Then the important class of transactions denoted as pure investments is defined as follows.

Pure investment. If 
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 for all j, a is denoted as a pure investment transaction.
This type of transaction was considered in Soper (1959). The phrase pure investment  was established by  Teichroew, Robichek and Montalbano in their 1965 papers.  
Soper, (1959), in a result later generalised by Gronchi, (1986), proved that the IRR of every pure investment is unique. 
Simple transactions. An important sub-class of transactions are those where all negative terms precede all positive terms, (and where there is at least one positive term in the transaction.) For convenience, I will denote such transactions here as “simple transactions”. It is a standard result that all simple transactions are, in fact pure investments. To prove this, it is necessary first of all to establish that every simple transaction has an IRR: and then that the invested capital vector calculated at that IRR is non negative.

The proof is as follows. Suppose a is a simple transaction. Since the last non-zero term in a simple transaction must be positive, it follows that NPV(a, u) must be positive for small enough values of u: conversely, since the first non-zero term is negative, it follows that NPV(a, u) must be negative for large enough values of u. Since NPV(a, u) is a continuous function of u, it follows that there exists some u for which NPV(a, u) = 0: that is, a has an IRR. For 
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an IRR of a, let d be the corresponding vector of invested capital. Further, let m be the smallest j for which 
[image: image34.wmf]0

 

 

a

j

>

: then, since a is simple, 
[image: image35.wmf]0

 

 

a

j

£

 for all j < m, and 
[image: image36.wmf]0

 

 

a

j

³

 for all j 
[image: image37.wmf]³

 m. From the definition of 
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. It follows by iteration that 
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 for all j: i.e., a is a pure investment.
While all simple transactions are pure investments, note that the converse is not true.

Very simple transactions.
I define a “very simple” transaction, as a simple transaction where there are only two non-zero terms, with a negative immediately preceding a positive. 
An important fact which will be used later is that every pure investment transaction can be expressed as a sum of very simple transactions with the same IRR as the original transaction. This can be proved as follows. Let a be a pure investment with IRR 
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, and let d be the associated vector of invested capital. Let z(j), for j= 1 to n, be vectors of length (n+1) defined as follows:-
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Then each of the vectors z(j) is a very simple transaction with IRR equal to 
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. And, for any i in the range i= 0 to n, 
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In other words, 
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The following theorem is important in the development of the subsequent theory.

Theorem 1.

Suppose the transaction a can be partitioned into (b, c), where b and c are pure investment transactions. Denote IRR(b) by
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, and IRR(c) by
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Proof. The proof is given in Section 1 of the Appendix.
4. Fundamental partition theorem.

This section derives the partitioning theorem which is the core result of this paper, and which states, essentially, that any transaction vector can be uniquely partitioned into pure investment transactions with strictly decreasing IRRs. 
Note that uniqueness of the partitioning in the statement of the theorem is uniqueness in the long form notation defined in Section 2. Note also that we are working with the convention, explained in Section 2, that a vector which consists only of terms which are negative or zero, (with at least one term strictly negative), corresponds to a transaction with IRR = -1. 

Theorem 2: Partitioning Theorem.
Let a be a transaction vector. Then there exists an integer K 
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1, and a partition a(1), a(2),…. a(K) of a, where each of the individual a(1), a(2),…. a(K) are pure investment transactions, and where  IRR(a(1)) > IRR(a(2)) >…..> IRR(a(K)).

Moreover, the integer K, and the partitioning a(1), a(2),…. a(K), are unique.
Proof: the proof is given in Section 2 of the Appendix..

5. Practical Method of determining the unique partition.

The following simple iterative procedure will always yield the unique partition in a finite, (and usually very small), number of steps.
Step 1: Partition a by eye into simple transactions. 

Step 2: Determine the IRRs of each of these simple transactions: Theorem 1 then implies that any runs of increasing (or equal) IRRs can then be amalgamated into pure investment transactions.
Step 3: Determine the IRRs of the resulting partition of a into pure investments: and amalgamate any runs of increasing (or equal) IRRs. 

Repeat Step 3 until a final partition is reached into pure investment transactions with strictly decreasing IRRs. This is the desired unique partition. 

It is easy to perform the above procedure with the aid of a suitable spreadsheet. A worked example is given in Table 1 in Section 3 of the Appendix.
6. Properties of unique partition.

The following are important properties of the unique partition. 

a.
If b(1) …… b(J) is a partition of a into pure investment transactions, 

then J 
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 K , and J = K  if and only if b is the unique partition into pure investments with strictly decreasing IRRs.
Proof. If the IRRs of b(1) …… b(J) are not strictly decreasing, then repetition of Step 3 of the iterative procedure in the preceding section will eventually yield the unique partition of Theorem 2. This implies J > K.

If the IRRs of b(1) …… b(J) are strictly decreasing, then Theorem 2 implies that b(1) …… b(J) is the unique partition, and that J = K.
b.
If  
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is any IRR of a, then IRR(a(1)) > 
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 > IRR(a(K))  if K
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(Obviously, if K = 1, then 
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 =  IRR(a(1)) )
Proof.   Let the unique partition of a into pure investments be a(1),… ,a(K), where IRR(a(j)) = 
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Let d(j) be the invested capital vector of a(j), calculated at 
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, from which the result immediately follows.

In fact, the result is also intuitively obvious. An individual say with cost of capital u will gain on the sub transactions with IRR greater than u and lose on those with IRR less than u.  In the case where u is an IRR of the original transaction, the net gain will be zero, so that u cannot be greater than the max or less than the min. 

c.
If  (b, c) is any partition of a, and if b has an IRR, 


then IRR(b) 
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 IRR(a(1))

Proof.  This follows immediately from the proof of Theorem 2, since, by construction, a(1) is the Soper/Gronchi truncation of a which maximises IRR.

d.
If  (b, c) is any partition of a, and if c has an IRR, 


then IRR(c) 
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 IRR(a(K))

Proof.  The proof is given in Section 4 of the Appendix.

To illustrate property (b), Table 2 in Section 3 of the Appendix gives an example of the unique partition of a transaction with multiple IRRs.

7. Relationship with the problem of truncating a transaction to maximise NPV.
Arrow and Levhari, (1969), considered how, for a given discount rate, a transaction should be truncated so as to maximise the NPV of the truncated transaction: (Arrow and Levhari worked with a continuous payment function, rather than with a discrete transaction vector: but, as they note, their results still apply in the discrete case.) 

The basic result proved by Arrow and Levhari was that the NPV of the optimally truncated project was always a monotonically decreasing function of the chosen discount rate. Hicks, (1973), proved a similar result.

In fact, the Arrow and Levhari result, has a simple explanations in terms of the unique partitioning theorem, as follows.

If a is a transaction with unique partition a(1), a(2),…. a(K) into pure investments with strictly decreasing IRRs, then for any discount rate u, the Arrow/Levhari truncation point occurs at the end of the last a(k) for which IRR(a(k)) > u . 
Proof. The proof is given in Section 5 of the Appendix.
(Note that, if the chosen discount rate u is exactly equal to IRR(a(k)), for some k, then there is an ambiguity about the optimal Arrow/Levhari truncation point: truncating the transaction either at the end of a(k-1) or a(k) leads to the same optimal NPV.)
This characterisation of the Arrow/Levhari truncation point has the immediate consequence of establishing Arrow and Levhari’s basic theorem, that the NPV of the optimally truncated transaction is a monotonically decreasing function of the discount rate. This follows since the NPV of the truncated transaction, at discount rate u, is given by the expression  
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Each of the terms NPV(a(j), u) in this expression is decreasing on the range u < IRR(a(j)): and as u increases past each of the IRR(a(j)) terms in turn, the relevant term will drop out of the summation: so that the overall expression is decreasing.
Hicks, (1973), also defined an “IRR” for the truncation scenario as the largest discount rate u for which the NPV of the optimally truncated a is 
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 0. If, as is reasonable, “nul” truncations are excluded, (i.e., transactions which are truncated at the start of period zero), then it follows immediately that, in fact, the Hicks “IRR” is equal to IRR(a(1)). 

8. The problem of when to sell the remaining terms in a transaction.

An important question in some practical applications is – what is the optimal time for an investor in a particular project or transaction to sell their remaining stake in the project? This is, in general, a difficult problem, whose solution will depend, not just on the characteristics of the original transaction a, but also on the return, y, being sought by the potential buyer of the remaining transaction stream, and also on the cost of capital, x, of the original investor. However, the fundamental partitioning theorem does allow the following results to be proved. The first result is concerned with establishing general conditions under which the remaining terms in a transaction vector will always be of interest to a secondary investor looking for a return y:
A. Let 
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 IRR(a(K)),  then NPV(c(j), y) 
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 0 for all j.
The proof is given in Section 6 of the Appendix.
While A establishes a condition under which secondary investors will always be interested in buying, it does not tell the potential seller whether to sell, and if so, what is the optimal time to sell.  Result B answers this problem, under a fairly general set of conditions. 

B. If y 
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 x, and y 
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 IRR(a(K)), the optimal policy for the original investor is to sell out as soon as possible.

Again, the proof is given in Section 6 of the Appendix.
9.  Conclusion.

This paper has shown how pure investment projects – that is, transactions where the invested capital is non-negative throughout the life of the transaction – are in many ways the fundamental building blocks out of which any project can be built up. This follows from the basic result of the paper – a partitioning theorem which states that any transaction can be uniquely partitioned into a sequence of pure investment transactions, with strictly decreasing IRRs. So, any transaction can always be viewed as a portfolio of pure investment projects.

The paper illustrates some of the applications of this partitioning theorem. For example, if the original transaction has multiple IRRs, then they must all lie strictly between the largest and smallest IRRs of the terms in the basic partition. Proofs of earlier results by Arrow/Levhari and Hicks, on the optimal time to truncate a transaction, follow readily from the basic partitioning theorem. And the partitioning theorem enables results to be proved about the difficult problem of the optimal time for an investor to sell the remaining terms in a transaction. 
Future research will address the problem of aggregating the IRRs of the partition to compute an economically significant project’s rate of return and the use of it for investment appraisal and assessment of performance.
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Appendix.

Appendix, Section 1: Proof of Theorem 1.
In the first part of the proof, a is a general transaction vector: i.e., it is not yet assumed that the specific conditions of Theorem 1 hold.

For a general transaction vector a with IRR 
[image: image80.wmf]s

, the invested capital, d, calculated at 
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, was defined in equation (2) as  
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This concept is now generalised as follows:

define the invested capital d(u), calculated at arbitrary discount rate u, (u>-1), as



[image: image84.wmf]0

1

-a

(u)

d

=

: 
[image: image85.wmf]j

j

1

j

a

-

(u)

u)d

(1

(u)

d

+

=

+

.

Then

Lemma 1.

If a is a pure investment transaction, with IRR 
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, then 
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is a non-negative and non-decreasing function of u for 
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, and for j=1 to (n+1).
Proof.
This follows easily by induction. The result is clear for j=1, and assuming it is true for j, then, for x > y, and both belonging to the range in question
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(since 
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 0, is also non-negative, thus completing the induction.

Lemma 2
If a is a pure investment transaction with IRR 
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Proof

Let 
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 represent the invested capital vector of the transaction vector b, calculated at discount rate u.
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By Lemma 1, this is a strictly increasing function of u for 
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There are two cases to consider:-
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: so b is a pure investment, with IRR 
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So b is a pure investment, with IRR strictly between 
[image: image128.wmf]s
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: hence Lemma 2 is established.
Now suppose that the conditions of Theorem 1 hold. Since, (as proved in Section 3), any pure investment transaction can be expressed as the sum of very simple transactions, each with the same IRR, it follows that c can be expressed as the sum of very simple transactions, each with IRR 
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). This transaction is then expanded by applying Lemma 2 successively, using in turn each of the very simple transactions into which c has been decomposed, hence establishing Theorem 1.

Appendix, Section 2: Proof of Theorem 2.
Assume first of all that the last non-zero term in a is strictly positive. The proof proceeds through a series of lemmas.
Lemma 3
There exists a partition of a into pure investment transactions with strictly decreasing IRRs.
Proof

It is a classical result, (Gronchi, 1986), that if a transaction is truncated to maximise the IRR of the truncated transaction, then the resulting truncated transaction is always a pure investment. Repeated application of this result yields a partition into pure investments with strictly decreasing IRRs. (To ensure the IRRs are strictly decreasing, at each stage the longest truncation with the maximal IRR has to be chosen.)
Lemma 4
If a is a pure investment, if (b, c) is a partition of a, and if b has an IRR, then IRR(b) 
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 IRR(a) .
Proof

Let IRR(a) = 
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, and let d be the vector of invested capital for a, calculated at 
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it follows immediately from formula (3), on putting j = 0, that


NPV(b, u) =  
[image: image137.wmf]å

=

+

+

+

)

k

0

j

k

-

1

k

j

-

j

u)

(1

d

  

-

u)

 

 

(1

d

u

 

-

 

 

(

s


< 0 for u >
[image: image138.wmf]s

 .

Therefore IRR(b)  
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, proving the lemma.

Lemma 5 
The partition of a into pure investment transactions with strictly decreasing IRRs is unique. 
Proof

Let a(1),…  , a(K) be the Lemma 3 partition of a into pure investments with strictly decreasing IRRs: and suppose that b(1),… , b(J) is another partition of a into pure investments with strictly decreasing IRRs. Denote IRR(b(j)) as 
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 . Without loss of generality, it is assumed that a(1) 
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 b(1): (otherwise, remove all initial components a(j) for which a(j) = b(j) .)

Then b(1) cannot be longer than a(1), or Lemma 4 would give a contradiction, since, by construction, a(1) is the longest truncation of a with maximal IRR.
Since b(1) is strictly shorter than a(1), there exists an integer m, with m 
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 2, such that, (in long form notation), 
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where e is a truncation of b(m): (and where e = b(m) if a(1) is exactly equal to a sum of b(j) terms.)

From the inequality in the proof of Lemma 4, it follows that 


NPV( e, u) < 0 for u > 
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Further, since the b(j) are pure investments, and the 
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Hence IRR(a(1)) < 
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But this is impossible, since, by construction, a(1) is the truncation of a with maximal IRR, hence establishing the Lemma.

This establishes the theorem in the case where the last non-zero term in a is positive. If the last non-zero term is negative, remove all negative terms which appear after the last positive term in a into a transaction with IRR = -1: and apply the preceding proof to the truncated a, to establish the theorem in the general case.

Appendix, Section 3.


Table 1:example of iterative determination of unique partition. [image: image152.emf]column 2 3 4 5 6 7 8

Initial  Iteration Iteration

partition 1 2Final Invested

Transactioninto simple unique capital at  Overall

Period vector transactions partition local IRR IRR

0 -100

1 25 100.00

2 35 161.89

3 500 0.869 0.869 0.869 0.869 267.54

4 -20 0.00

5 -35 20.00

6 100 67.96

7 5 12.02

8 4 0.575 14.82

9 -10 20.42

10 33 43.66

11 21 38.96

12 50 43.22

13 35 3.146 0.648 0.648 0.648 21.23

14 -50 0.00

15 40 -0.200 50.00

16 -100 23.49

17 33 129.82

18 27 131.85

19 88 140.42

20 20 90.30

21 46 0.304 94.65

22 -20 74.19

23 25 114.20

24 36 120.01

25 88 1.596 0.254 116.39

26 -50 59.79

27 15 125.92

28 80 144.88

29 76 103.97

30 24 56.02

31 33 0.801 0.801 0.268 47.13

32 -11 26.84

33 -20 45.08

34 -33 77.24

35 50 131.08

36 60 116.44

37 70 87.85

38 10 41.55

39 15 0.482 42.76

40 -50 39.30

41 45 99.90

42 40 81.85

43 12 0.527 63.93

44 -150 69.18

45 88 237.84

46 100 214.00

47 200 171.74

48 19 18.06

49 5 0.580 0.485 0.485 0.270 3.94 0.864

Note: the numbers in columns 3 to 6 are the IRRs of the preceding terms in the local partition:

e.g., the figure of 0.869 in col 3 is the IRR for terms 0 to 3 in the original transaction. 



Table 2: iterative determination of unique partition.


Example of transaction with multiple IRRs.

[image: image153.emf]column 2 3 4 5

Initial 

partition Final Invested

Transaction into simple unique capital at 

Period vector transactionspartition local IRR

0 -20

1 23 0.150 20.00

2 0 0.03

3 -1 0.04

4 1.2 0.200 0.152 1.04

5 0 0.00

6 0 0.00

7 -3.5 0.00

8 0 3.50

9 1 -0.465 -0.465 1.87

The three IRRs of this transaction are  -0.4153, -0.2222 and 0.0664 


Appendix, Section 4: Proof of property (d) in Section 6.

Property (d) of Section 6 states that, if  (b, c) is any partition of a, and if c has an IRR, 

then IRR(c) 
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 IRR(a(K)).

In proving this, there are two cases to consider.

1) If the last non-zero term in c is negative, then the final term a(K) in the pure investment partition of a must consist solely of terms which are negative or zero. By the convention introduced in Section 2, IRR(a(K)) = -1, so IRR(c) 
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 IRR(a(K)).

2) If the last non-zero term in a(K) is positive, then each of the terms in the pure investment decomposition of a is a standard pure investment transaction, in the sense of having an IRR greater than -1. 
Suppose the operation of reversal of a transaction vector, (where the reversal of a is denoted
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Let f = (0, ….., -x, (1+
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)x, 0…) be a very simple transaction with IRR 
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.
Then 
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 = (0,.., -(1+
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)x, x, 0,…..) is also very simple, and has IRR 
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It follows, since every pure investment transaction can be expressed as a sum of very simple transactions with the same IRRs, then a is a pure investment if, and only if, 
[image: image163.wmf]R
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is a pure investment: and then IRR(
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.
(Note that this does not hold for non-standard pure investments, where all terms are zero or negative. But in the present case, all of the pure investment transactions being dealt with are standard.) 
It is also not difficult to verify that, if a is any transaction, with at least one IRR, then there is a one to one correspondence between the IRRs of a and 
[image: image166.wmf]R
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 through the relationship IRR(
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.
Property (d) then follows readily by applying Property (c) to the reversal of a, on noting that 
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 is a decreasing function of u for u > -1.
Appendix, Section 5: Relationship with the Arrow and Levhari truncation.

What is to be proved is that, if a is a transaction vector, with the unique partition a(1), a(2),…. a(K) into pure investment transactions with strictly decreasing IRRs, then for any discount rate u, the Arrow and Levhari truncation point occurs at the end of the last a(k) for which IRR(a(k)) > u.

Consider first the problem of carrying out an Arrow/Levhari truncation on a pure investment transaction.

Let a be a pure investment: then, in the notation of section 2,  the vectors 
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 represent the successive truncations of a. 
Let a have IRR 
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, and let d be the invested capital vector of a, calculated at discount rate
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. Then, from formula (3), it follows that
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(5)

and

NPV(a, u) - NPV(
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It follows from formula (6) that, 

if  
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, then NPV(a, u) 
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and it follows from formula (5) that
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The implication is that, for an Arrow/Levhari truncation on a pure investment transaction, truncate at the end if  
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, and truncate right at the beginning if 
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. It is never optimal, (other than in a trivial sense), to truncate in the middle.

In the case of an Arrow/Levhari truncation on a general transaction, the first step is to apply the unique partitioning theorem, to partition the transaction into pure investment transactions with strictly decreasing IRRs. The above then implies that the optimal truncation point, (for a given discount rate u), then occurs at the end of the last term in the pure investment partition which has IRR > u, thus finishing the proof.

Appendix, Section 6:   Proof of properties in Section 8.
Proof of A.  
Recall that 
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.  Then it is required to prove that, if  y 
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 IRR(a(K)),  then NPV(c(j), y) 
[image: image187.wmf]³

 0 for all j.

Suppose first that a is a pure investment, with IRR = 
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, and associated invested capital terms 
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In fact c(j) =  
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It follows that NPV(c(j), y) 
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 0 for all j, if y 
[image: image195.wmf]£

 IRR(a). 
In the general case, the result then follows immediately from applying this to the terms in the pure investment decomposition of a.
Proof of B. It is required to prove that, if y 
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 x, and y 
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 IRR(a(K)), the optimal policy for the original investor is to sell out as soon as possible.

Suppose an investor, for whom the cost of capital is x, sells their remaining stake in the transaction at the end of period k, to a purchaser who values the remaining terms at a discount rate y. Let NPV(a, k, x, y) denote the overall NPV to the original investor: then
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Consider first the special case where a is a pure investment, with IRR = 
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: let d be the vector of invested capital. 
Then         NPV(a, k, x, y) - NPV(a, k+1, x, y)
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This expression is always 
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. In other words, if both these conditions hold, then 

NPV(a, k, x, y) 
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So the optimal policy for an investor in a pure investment transaction is to sell out as soon as possible, if the conditions 
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are met.

The general result then follows, if 
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 IRR(a(K)), by applying the above argument to each of the individual terms in the unique partition of a.
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